The most frequently observed focal conic domains ͑FCD's͒ in lamellar phases are those based on confocal paris of ellipse and hyperbola. Experimentally, the eccentricity of the ellipse takes a broad range of values 0 рeϽ1. We present an analytical expression for the curvature energy of a FCD that is valid in the entire range 0рeϽ1. Generally, the curvature energy of an isolated FCD reaches a minimum only at e→1 ͑under the constraint of a fixed major semiaxis of the ellipse͒; exceptions include situations with large saddle-splay elastic constant and small domains where the applicability of the elastic theory is limited. In realistic cases, a value of eccentricity smaller than 1 is stabilized by factors other than the curvature energy: by dislocations emerging from the FCD's with e 0, compression of layers and surface anchoring.
I. INTRODUCTION
Lamellar phases such as a smectic A liquid crystal with one-dimensional positional order often organize in distorted structures, with layers bent but still parallel to each other. The layers adopt the shape of Dupin cyclides, i.e., surfaces whose lines of curvature are circles. The reason is that the focal surfaces for Dupin cyclides degenerate into lines which reduces the singular energy. The defect lines are confocal pairs, usually an ellipse and hyperbola, around which the layers fold. The focal pairs serve as a frame of a focal conic domain ͑FCD͒ ͓1͔. A particular case corresponding to an ellipse of zero eccentricity, eϭ0, is a pair of a circle and a straight line. Experimentally, one observes all the possible values of eccentricity in the range 0рeϽ1. There is no universal explanation of this fact. The focal conics might also form around a pair of parabolas ͓2͔; however, the parabolic FCD's are not the limiting case eϭ1 of an ellipse-hyperbola FCD and have different elastic features not considered in this article.
Although the FCD's have been the subject of intensive studies for many years since the pioneering work by Friedel in 1922 ͓1͔, some basic features remain to be understood. Most notably, there is no analytical expression for the curvature energy of a FCD, except for the limiting case e→0 ͓3͔. Lifting this restriction is important in a number of problems, for example, in the description of tilt grain boundaries ͓4͔, nuclei of the lamellar phase appearing from an isotropic phase ͓5͔, oily streaks ͑set of dislocations decorated by FCD's͒ ͓6͔, and generally in any problem of filling space with curved lamellas. Both splay and saddle-splay energy terms should be included in the consideration, since the smectic layers in FCD's have a well-defined Gaussian curvature. FCD's in known thermotropic lamellar media manifest a negative Gaussian curvature; the corresponding domain is called a FCD of the first species, or FCD-I. FCD's of the second species ͑FCD-II's͒ with a positive Gaussian curvature reported recently for a lyotropic smectic phase ͓7͔ are rare. The energetics of FCD-II's is strongly influenced by the layers outside the domain that favor eϭ0 ͓7͔. This work presents an analytic expression for the curvature energy of layers within a FCD-I of a negative Gaussian curvature and arbitrary eccentricity.
II. STRUCTURE OF FCD-I
The theoretical framework of the analysis has been developed by Kléman ͓3͔. In a FCD-I the layers fold around the conjugated ellipse E and one branch H of a hyperbola, in such a way that they are everywhere perpendicular to the straight lines joining any point M Ј on the ellipse to any point M Љ on the hyperbola, Fig. 1͒ , or ⌺ M is free of singularities and looks similar to a deformed halftorus ͑layer 2͒, or it ends on the hyperbola, with two conical indentations ͑layers 3͒.
The equations for the confocal ellipse E and hyperbola H, located in two perpendicular planes, are
a and b are the major and the minor semiaxes of the ellipse, respectively. Let M Ј(xЈ, yЈ, 0) be a point on E and M Љ(xЉ, 0, zЉ) be a point on H, and let us parametrize the conics in the usual way ͓3͔: The whole set of r values for the complete FCD-I ͑shown in Fig. 1͒ is in the range ͓Ϫc,ϩϱ͓. The infinitesimal element of surface d⌺(r) of the ⌺(r) cyclide is expressed through the principal curvatures as ͓3͔
III. CURVATURE ENERGY
The curvature energy of the FCD-I is defined as the integral over the FCD-I's volume of the energy density f associated with the mean and Gaussian curvatures of layers:
K and K are called the splay and the saddle-splay elastic constants. Note, however, that the splay term contains a saddle-splay contribution ϳЈЉ. It is convenient to split the integral into two parts:
and treat them apart. Here ⌳ϭK ϩ2K, ϭr/a. The Jacobian for the orthogonal coordinates (u, v, r) is the quantity b 2 ͉ЈЉ͉/(ЈϪЉ) 2 in Eq. ͑5͒. Both K and K terms contribute to the ''topology,'' since they appear in W 2 , which is an integral of the Gauss-Bonnet type; the notation ⌳ϭK ϩ2K expresses this combined contribution.
A. W 1 term
The W 1 term is singular near the ellipse and hyperbola, where r→c cos u and r→a cosh u. The phenomenological elastic theory should not be applied in these regions, and one has to restrict the region of integration by a cutoff length, called the core radius. Assume that the core radius does not depend on the layer ͑i.e., does not depend on r͒: r cutoff ϭa cosh Ϫr c near the hyperbola, r cutoff ϭc cos uϩr c near the ellipse.
The assumption greatly oversimplifies the situation: for example, it does not take into account that the layers that intersect the hyperbola far from the plane of the ellipse have practically no singularity. Furthermore, near the defect cores, the layers might suffer dilation, see Ref. ͓8͔ for a critical discussion.
Integrating Eq. ͑8͒ over splits W 1 into the singular W 1-sing and nonsingular W 1-nonsing parts: 
͑11͒
It is easy to see ͑for example, by changing the variable, cosh →1/t͒ that
where
is the complete elliptic integral of the first kind. Therefore, the singular term reads 
which can be checked by using MATHEMATICA 3.0; see also The W 2 term ͑9͒ is integrated by employing Eq. ͑12͒:
W 2 is negative when ⌳ is positive, a fact which is always insured if K ϾϪ2K. Note that for the free energy density ͑6͒ to be positive definite for the lamellar phase, K must be within the range Ϫ2KϽK р0, which also means 0Ͻ⌳ р2K ͑K is always positive͒.
C. Total curvature energy
The final expression for the total curvature energy W ϭW 1-nonsing ϩW 1-sing ϩW 2 , valid for an arbitrary eccentricity 0рeϽ1, adopts a very compact form:
notice that aͱ1Ϫe 2 ϭb, where b is the minor semiaxis. For eϭ0, Eq. ͑21͒ reproduces the known result ͓3,6͔
͑22͒
When ⌳/Kϭln 2Ϸ0.693, the energy W 0 reduces to its singular term.
IV. DISCUSSION
The expression ͑21͒ is the curvature energy of a FCD-I with an arbitrary eccentricity we have been looking for. Its validity is confirmed by numerical integration of the energy density ͑6͒ over the FCD-I's volume. The analytical form ͑21͒ allows one to trace the role of different parameters, for example, to find how the curvature energy depends on K and e when the major semiaxis of the ellipse is fixed, aϭconst, Fig. 2 .
The dependence of the curvature energies ͑21͒ and ͑22͒ on the saddle-splay elastic constant is obvious: the larger K , the smaller is the energy; the reason is simply the negative sign of the Gaussian curvature of Dupin cyclides in a FCD-I. A further remark concerns the sum of the two nonsingular terms W 1-nonsing ϩW 2 in W at aϭconst. When ⌳ increases, the coordinate of the minimum of the sum shifts from e →1 to e→0, Fig. 2 . The tendency of W 1-nonsing ϩW 2 to reach a minimum at small eccentricity e→0 is, of course, in competition with the increase of W 1-sing at e→0. Thus the minimum of curvature energy can be achieved at e somewhat different from 1 only when the domains are extremely small, a/r c ϳ10, and when the saddle-splay constant is close to its upper limit K ϭ0, set by the requirement of positive definite value of f in Eq. ͑6͒, see Fig. 2͑b͒ . Generally, for a reasonably large domain, a/r c Ͼ10, the curvature energy becomes minimum only at e→1, Fig. 2͑b͒ , a fact that has been already foreseen on the basis of numerical calculations ͓3͔. However, it would be a mistake to conclude that a FCD-I tends to increase its eccentricity as much as possible on the ground of Eq. ͑21͒. The reason is that in real samples the FCD's are rarely isolated; their elastic energy is only a part of the total energy that includes the energy of surface anchoring, dislocations, layers compressions, etc., as discussed below.
First, note that the plots in Fig. 2 correspond to a fixed major semiaxis, aϭconst. The volumes of FCD-I's with identical a's but different e's are obviously different; they scale as ϳa 3 (1Ϫe 2 )ϭab 2 . When aϭconst, an increase of e means a decrease of the minor semiaxis b. Thus the curvature energies of two FCD's with different e's should be compared under additional geometrical constraints. These constraints in concrete experimental situations involve the finite size of the system and thus require to consider also the surface anchoring energies that have been shown to be rather large in smectic phases ͓10,11͔. The effect of confinement is illustrated in Fig. 3 . The elliptical base of a FCD-I is located at the bottom plate of a flat sample, which can be provoked by a tangential anchoring at this plate ͑the molecules are parallel and the layers are perpendicular to the plate, Fig. 3͒ . At the top plate, the layers are tilted. The tilt angle changes from point to point, which necessarily results in an anchoring energy penalty associated with the polar ͑out-of-plane͒ angles ͓11͔. Furthermore, if the bounding plates are not isotropic, FCD-I geometry provokes not only the polar but also an azimuthal ͑in-plane͒ anchoring energy penalty: in Fig. 3 , the curved layers deviate from any of the possible straight lines drawn in the plane of the cell. Both polar and azimuthal anchoring energies depend on e and thus influence any minimization problem for a confined geometry.
The second reason that limits e relates to the fact that layers inside the FCD-I's should match the layers outside the domains. Because of their peculiar shape, FCD-I's cannot fill a bounded piece of space as isolated objects. They have to be embedded in the surrounding matrix of smectic layers, that might be flat or curved. When the FCD-I of a small eccen- tricity eϾ0 is embedded into a system of flat layers, the tilt of smectic layers inside the FCD-I ͑with respect to the horizontal plane͒ requires a matching dislocation set outside the FCD-I ͓12,6͔. These dislocations run along the direction of the minor semiaxis of ellipse, Fig. 4͑a͒ . The total Burgers vector b of the dislocation set is directly related to the eccentricity and the size of ellipse ͓6͔: b ϭ2ae. Each dislocation carries an elastic energy proportional to the Burgers vector ͓13͔, ϳͱBKb ͑per unit length͒; here B is the compression modulus. Thus although the trend e→1 is favored by the curvature of layers inside the FCD-I, an opposite trend e→0 is favored by the line tension ϳͱBKae of dislocations outside the FCD-I. It is only when the eccentricity is zero that the dislocations do not appear; a toroidal FCD-I with eϭ0 can be smoothly embedded into the system of flat and parallel smectic layers, Fig. 4͑b͒ . A more detailed analysis of matching between the layers inside and outside the FCD-I's ͑that includes the case when the outside layers are curved͒ is given in Ref. ͓4͔ . Note also that the compression energy density B 2 /2 results in additional e-dependent energy terms, important near the cores of confocal pairs, as discussed by Fournier ͓8͔. Overall, the problem of finding an equilibrium e requires consideration of factors additional to the curvature energy, such as dislocations, layers' compressibility and surface anchoring phenomena. One should bear this in mind when analyzing different results on FCD's energies. For example, the estimation ͓6͔ of the saddle-splay elastic constant K from the features of FCD-I's in oily streaks has been possible to carry out only for Bϭ0. As explained by Boltenhagen et al. ͓6͔ , the model with Bϭ0 leads to a large positive K which is thus only an indicator that the system under investigation favors deformations with a negative Gaussian curvature rather than with a positive Gaussian curvature. Lifting the restriction Bϭ0 contributes to the decrease of e and thus decrease the estimated K due to the dislocations and compressibility effects discussed above; the exact analytical analysis of the oily streaks for B 0 has not yet been done.
Finally, note that in some instances, the eccentricity e is not a parameter of energy minimization at all. An array of FCD-I's forming a grain boundary ͓4͔ is a good example of a situation where the true minimizer is the size rather than the eccentricity: the eccentricity is fixed by the angle of misalignment of layers in two adjacent monodomains, e()ϭ͉sin(/2)͉. The result ͑21͒ allows one to calculate the energy of such a grain boundary and to find the characteristic size of the FCD's in it ͓4͔.
